



















Ramanujan type congruences for modular forms of several
variables
Toshiyuki Kikuta and Shoyu Nagaoka
October 29, 2018
Mathematics subject classification: Primary 11F33 · Secondary 11F46
Key words: Congruences for modular forms, Cusp forms
Abstract
We give congruences between the Eisenstein series and a cusp form in the cases of Siegel
modular forms and Hermitian modular forms. We should emphasize that there is a relation
between the existence of a prime dividing the k − 1-th generalized Bernoulli number and
the existence of non-trivial Hermitian cusp forms of weight k. We will conclude by giving
numerical examples for each case.
1 Introduction
As is well known, Ramanujan’s congruence asserts that
σ11(n) ≡ τ(n) mod 691,
where σk(n) is the sum of k-th powers of the divisors of n and τ(n) is the n-th Fourier coefficient
of Ramanujan’s ∆ function. It should be noted that σ11(n) is the n-th Fourier coefficient of the
elliptic Eisenstein series of weight 12 for n ≥ 1. We can regard this congruence in two ways:
(I) Congruences between Hecke eigenvalues of two eigenforms.
(II) Congruences between Fourier coefficients of two modular forms.
There are many studies on (I) related to congruence primes in the case of modular forms with
several variables. For example, see [2, 11, 12, 13, 16, 17, 18]. On the other hand, it seems that
studies on (II) are little known. However, Bringmann-Heim [3] studied some congruences between
Fourier coefficients of two Jacobi forms. These properties essentially give congruences for Fourier
coefficients of two Siegel modular forms of degree 2.
In the present paper, we study congruences for Siegel modular forms and for Hermitian modular
forms in the sense of (II) in a way different from that of Bringmann-Heim. In particular, the
results herein for the case of Hermitian modular forms are completely new. In addition, we should
emphasize that there is a relation between the existence of a prime dividing the k−1-th generalized
Bernoulli number and the existence of non-trivial Hermitian cusp forms of weight k (Theorem 2.4).
We will conclude by giving numerical examples for each case.
2 Statement of results
2.1 The case of Siegel modular forms
Let Mk(Γn) denote the space of Siegel modular forms of weight k for the Siegel modular group
Γn := Spn(Z) and let Sk(Γn) be the subspace of cusp forms. Any Siegel modular form F (Z) in
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T , qT := e2piitr(TZ), Z ∈ Sn,
where
Λn := {T = (tij) ∈ Symn(Q) | tii, 2tij ∈ Z }
(the lattice in Symn(R) of half-integral, symmetric matrices), and Sn is the Siegel upper-half space
of degree n.
For any subring R ⊂ C, we define




T | aF (T ) ∈ R (∀T ∈ Λn) },
Sk(Γn)R :=Mk(Γn)R ∩ Sk(Γn).




M=( ∗ ∗C D )
det(CZ +D)−k, Z ∈ S2,
where k > 3 is even, and M runs over a set of representatives {( ∗ ∗02 ∗ )} \Γ2. It is known that
Ek ∈Mk(Γ2)Q. We set
Gk := −BkB2k−2
4k(k − 1)Ek,
where Bm is the m-th Bernoulli number.
The first main result is as follows:
Theorem 2.1. Let (p, 2k− 2) be an irregular pair. Then there exists a cusp form f ∈Mk(Γ2)Z(p)
such that
Gk ≡ f mod p.
Remark 2.2. Let p be a prime number. A pair (p,m) is called irregular if 1 < m < p and p|Bm.
2.2 The case of Hermitian modular forms
The Hermitian upper half-space of degree n is defined by
Hn := {Z ∈Mn(C) | 12i(Z − tZ) > 0 },
where tZ is the transpose, complex conjugate of Z. The Siegel upper-half space Sn is a subdomain
of Hn. Let K be an imaginary quadratic number field with discriminant dK and ring of integers
OK . The Hermitian modular group Un(OK) is defined by










2 if dK = −4,
detk if dK = −3,
trivial character otherwise.
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We denote by Mk(Un(OK), νk) the space of Hermitian modular forms of weight k and character
νk with respect to Un(OK). Namely, it consists of holomorphic functions F : Hn −→ C satisfying
F |k M(Z) := det(CZ +D)−kF ((AZ +B)(CZ +D)−1) = νk(M)F (Z),
for all M = (A BC D ) ∈ Un(OK).






) ≡ 0 for all U ∈ GLn(K)
where Φ is the Siegel Φ-operator. If the class number of K is 1, this condition is equivalent to
Φ(F ) ≡ 0. We denote by Sk(Un(OK), νk) the subspace consisting of cusp forms.





H , qH := e2piitr(HZ), Z ∈ Hn,
where
Λn(K) := {H = (hij) ∈ Hern(K) | hii ∈ Z,
√
dKhij ∈ OK}.





H ∈Mk(Un(OK), νk) | aF (H) ∈ R (∀H ∈ Λn(K))},
Sk(Un(OK), νk)R :=Mk(Un(OK), νk)R ∩ Sk(Un(OK), νk).
We consider the Hermitian Eisenstein series of degree 2
Ek,K(Z) :=
∑
M=( ∗ ∗C D )
(detM)
k
2 det(CZ +D)−k, Z ∈ H2,
where k > 4 is even and M runs over a set of representatives of {( ∗ ∗02 ∗ )} \U2(OK). Then we have
Ek,K ∈Mk(U2(OK), νk)Q.




4k(k − 1) Ek,K ,
where Bm,χK is the generalized Bernoulli number with respect to the Kronecker character χK of
K.
In this paper, we treat only the case that
the class number of K is one.
Remark 2.3. It is well known that, if the class number of K is one, then dK is one of
−3,−4,−7,−8,−11,−19,−43,−67,−163.
Our second main theorem is
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Theorem 2.4. Assume that the class number of K is one and k is even. Suppose that a prime
number p satisfies the following conditions (A) and (B).
(A) p ∤ B3,χK and p ∤ B5,χK ,
(B) k < p− 1 and p|Bk−1,χK ,
Then there exists a non-trivial cusp form f ∈ Sk(U2(O), νk)Z(p) such that
Gk,K ≡ f mod p.
Corollary 2.5. (1) Assume that dK is one of −3,−4,−7. If p satisfies condition (B), then there
exists a non-trivial cusp form f ∈ Sk(U2(OK), νk)Z(p) such that
Gk,K ≡ f mod p.
(2j If dK 6= −3, then dimS8(U2(OK), ν8) ≥ 1.
Remark 2.6. (1) It is known that there are non-trivial cusp forms of weight 10 and 12.
(2) As introduced by Hao-Parry [9, 10], the prime p satisfying condition (B) is related to the
divisibility by p of the class number of a certain algebraic number field.
3 Proof of theorems
3.1 Proof of Theorem 2.1
We start with proving that
Lemma 3.1. Assume that g =
∑
ag(T )q
T ∈ Mk(Γ2)Z(p) satisfies that ag(T ) ≡ 0 mod p for all T
with detT = 0. Then there exists a cusp form f ∈ Sk(Γ2)Z(p) such that
g ≡ f mod p.
Proof. Since the proof is same as in the case of Hermitian modular forms, we omit it. See the
proof of Lemma 3.4 in § 3.2.
Proof of Theorem 2.1. We recall that the Fourier coefficients of the Eisenstein series Gk are given




4k(k − 1) if T = 02,
B2k−2















if rank(T ) = 2,
where
ε(T ) : the content of T , i.e. max{l ∈ N | l−1T ∈ Λ2},
µ : the Mo¨bius function,
D(T ) : the discriminant of the quadratic field Q(
√
−4 det(T )),














We shall show that Fourier coefficients corresponding T with rank(T ) ≤ 1 vanish modulo p.
Note that p|B2k−22k−2 (by assumption), and Bk2k ∈ Z(p) (by k < p − 1 and von Staudt-Clausen’s
theorem). Hence, aGk(02) ≡ 0 mod p and aGk(T ) ≡ 0 mod p for T with rank(T ) = 1.
In order to complete the proof, we need to show that aGk(T ) ∈ Z(p) for all T with rank(T ) = 2.




c(T ), for some c(T ) ∈ Z,
where D∗∗2k−2 is the denominator of B2k−2. By the irregularity of p, the prime p does not divide
D∗∗2k−2. Therefore, we can take g = Gk in Lemma 3.1. This completes the proof of Theorem
2.1.
Remark 3.2. In Theorem 2.1, we do not refer to the non-triviality of the cusp form f (compare
with Theorem 2.4). It is plausible that the non-triviality holds for any prime p satisfying the
assumption of Theorem 2.1. Here we give a sufficient condition (see below (∗)) for the non-triviality.
Under the same assumption as in Theorem 2.1, we assume that there exists a fundamental
discriminant D0 < 0 such that
(∗) p ∤ Bk−1,χD0 ,
then f is non-trivial modulo p.
In [4], Bruinier proved that, if p ∤
B2k−2
2k−2 , then there exists such D0. However we cannot apply
his result because p satisfies p|B2k−22k−2 in our case.
3.2 Proofs of Theorem 2.4 and Corollary 2.5
In this subsection, we prove Theorem 2.4 and Corollary 2.5. Basically, the arguments are same as
in the case of Siegel modular forms. First we prove
Lemma 3.3. Let p be a prime satisfying condition (A) in Theorem 2.4, namely, p ∤ B3,χK and
p ∤ B5,χK . Then we have
E4,K ∈M4(U2(OK), ν4)Z(p) and E6,K ∈M6(U2(OK), ν6)Z(p) .
Proof of Lemma 3.3. The formula for the Fourier coefficient of Ek,K is given by Krieg [15] and
Dern [5, 6] as follows:
aEk,K (H) =

1 if H = 02,
− 2k
Bk







k − 2, |dK | det(H)
d2
)
if rank(H) = 2,
(3.1)
























∈ Z(p). Hence, the claim follows.
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Lemma 3.4. Let p be a prime satisfying condition (A) in Theorem 2.4, namely, p ∤ B3,χK and
p ∤ B5,χK . Assume that g =
∑
ag(H)q
H ∈ Mk(U2(OK), νk)Z(p) satisfies that ag(H) ≡ 0 mod p
for all H with detH = 0. Then there exists a cusp form f ∈ Sk(U2(OK), νk)Z(p) such that
g ≡ f mod p.





6 are the normalized elliptic Eisenstein series of weight 4 and 6, respectively.
Then the polynomial Q must satisfy Q˜ = 0 in Fp[X,Y ] by the result of Swinnerton-Dyer [21].
Now we consider f := g −Q(E4,K , E6,K). We see that f ∈ Sk(U2(OK), νk) because of Φ(f) = 0.
Moreover, by Lemma 3.3, E4,K ∈M4(U2(OK), ν4)Z(p) and E6,K ∈M6(U2(OK), ν6)Z(p) . Therefore,
Q(E4,K , E6,K) ≡ 0 mod p, and hence g ≡ f mod p.
We return to the proof of Theorem 2.4.




4k(k − 1) if H = 02,
−Bk−1,χK




k − 2, |dK | det(H)
d2
)
if rank(H) = 2,
where the notation is as in (3.1).
From the assumption k < p − 1 and von Staudt-Clausen’s theorem, we have Bk2k ∈ Z(p).
Hence, p | Bk·Bk−1,χK4k(k−1) and p |
Bk−1,χK
2k−2 . These facts imply that aGk,K (02) ≡ 0 mod p for all H
and aGk,K (H) ≡ 0 mod p with rank(H) = 1. For H with rank(H) = 2, aGk,K (H) ∈ Z. Namely,
Gk,K ∈ Mk(U2(OK), νk)Z(p) and this implies that aGk,K (H) ≡ 0 mod p for all H with detH = 0.
Applying Lemma 3.4 to Gk,K , there exists a cusp form such that Gk,K ≡ f mod p.
In order to complete the proof of Theorem 2.4, we need to show the non-triviality of f . The
proof is reduced to proving that there exists H with rank(H) = 2 which satisfies aGk,K (H) 6≡
0 mod p. First, we consider the Fourier coefficient corresponding H = 12 (the unit matrix of
degree 2), which implies aGk,K (12) = GK(k − 2, |dK |) = 1 − |dK |k−2. If |dK |k−2 6≡ 1 mod p, then
aGk,K (12) 6≡ 0 mod p. This shows the non-triviality of Gk,K in this case. Hence, it suffices to
consider the case that |dK |k−2 ≡ 1 mod p. Note that (p, |dK |) = 1 in this case. Now we prove
Lemma 3.5. Assume that k − 2 < p− 1 and the prime p does not divide dK . Then there exists
a prime q such that χK(q) = −1 and qk−2 6≡ 1 mod p.
Proof of Lemma 3.5. Let α be an integer such that (Z/pZ)× = 〈α〉. Applying the Chinese remain-
der theorem, we can find an integer a such that a ≡ α mod p and a ≡ −1 mod |dK |. It is clear
that (a, p · |dK |) = 1 for such a. By Dirichlet’s theorem on arithmetic progressions, there exist
infinitely many primes in the sequence {a+ p · |dK | · n}∞n=1. We take a prime q appearing in this
sequence. Then q satisfies both χK(q) = −1 and qk−2 6≡ 1 mod p. In fact, q ≡ a ≡ α mod p, and
hence qk−2 6≡ 1 mod p because k − 2 < p − 1. On the other hand, by q ≡ a ≡ −1 mod |dK |, we
have χK(q) = −1.
We return to the proof of the non-triviality of f . Note that k− 2 < p− 1 by the assumption in
Theorem 2.4. By Lemma 3.5, there exists a prime q such that χK(q) = −1 and qk−2 6≡ 1 mod p.
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aGk,K (H) = GK(k − 2, |dK |q)
= 1− qk−2 + |dK |k−2 − |dK |k−2qk−2
= (1 − qk−2)(1 + |dK |k−2)
≡ 2(1− qk−2) mod p.
By the choice of q, this is not 0 modulo p. This completes the proof of Theorem 2.4.
Proof of Corollary 2.5. See tables in § 5.
(1) For the cases dK = −3,−4,−7, condition (A) is always satisfied.
(2) If dK 6= −3 and k = 8, then there exists a prime p satisfying conditions (A) and (B). Thus we
the assertion of Corollary 2.5 (2) is obtained.
4 Examples
4.1 The case of Siegel modular forms
We set
X10 : = − 43867
210 · 35 · 52 · 7 · 53(E10 − E4E6),
X12 : =
131 · 593
211 · 36 · 53 · 72 · 337(3
2 · 72E34 + 2 · 53E26 − 691E12).
The following are cusp forms defined by Igusa.
The case of weight 10























































The case of weight 12






















































mod 131 · 593.
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4.2 The case of Hermitian modular forms
In this subsection, we introduce congruences for Hermitian modular forms. We use modular forms
constructed in [14].


























(cf. [14], Lemma 4.8 and Lemma 4.9).
The case of weight 10
G10 ≡ 554 · F10 mod 809,


























































The case of weight 12
G12 ≡ 824 · F12 mod 1847,


























































Examples for dK = −4
We set











(cf. [14], Lemma 4.3 and Lemma 4.4).
The case of weight 8
G8 ≡ −2 · χ8 mod 61,




















































The case of weight 10
G10 ≡ 22 · F10 mod 277,




















































5 Values of the generalized Bernoulli numbers
Values of Bk−1,χK =
N
D
and p satisfying (B) in Theorem 2.4
dK = −3
k − 1 N D p
1 −1 3 -
3 2 3 -
5 −2 · 5 3 -
7 2 · 72 3 -
9 −2 · 809 3 809
11 2 · 11 · 1847 3 1847
13 −2 · 7 · 133 · 47 3 47
15 2 · 5 · 419 · 16519 3 419, 16519
dK = −4
k − 1 N D p
1 −1 2 -
3 3 2 -
5 −52 2 -
7 7 · 61 2 61
9 −32 · 5 · 277 2 277
11 11 · 19 · 2659 2 19, 2659
13 −5 · 132 · 43 · 967 2 43, 967
15 3 · 5 · 47 · 4241723 2 47, 4241723
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dK = −7
k − 1 N D p
1 −1 1 -
3 24 · 3 7 -
5 −25 · 5 1 -
7 24 · 7 · 73 1 73
9 −26 · 32 · 8831 7 8831
11 24 · 112 · 73 · 701 1 73, 701
13 −25 · 13 · 173 · 266447 1 173, 266447
15 24 · 3 · 5 · 145764975331 7 145764975331
dK = −8
k − 1 N D p
1 −1 1 -
3 32 1 -
5 −3 · 5 · 19 1 19
7 32 · 7 · 307 1 307
9 −33 · 83579 1 83579
11 3 · 112 · 23 · 48197 1 23, 48197
13 −32 · 13 · 113 · 811 · 9491 1 113, 811, 9491
15 32 · 5 · 83 · 9275681267 1 83, 9275681267
dK = −11
k − 1 N D p
1 −1 1 -
3 2 · 32 1 -
5 −2 · 3 · 53 · 17 11 17
7 2 · 32 · 7 · 17 · 71 1 17, 71
9 −2 · 33 · 53 · 4999 1 4999
11 2 · 3 · 11 · 43 · 269 · 14923 1 43, 269, 14923
13 −2 · 32 · 52 · 13 · 787 · 1183579 1 787, 1183579
15 2 · 32 · 5 · 428708869630871 11 428708869630871
dK = −19
k − 1 N D p
1 −1 1 -
3 2 · 3 · 11 1 11
5 −2 · 52 · 269 1 269
7 2 · 72 · 53 · 1021 1 53, 1021
9 −2 · 32 · 5 · 13 · 67 · 851537 19 13, 67, 851537
11 2 · 113 · 41 · 32427511 1 41, 32427511
13 −2 · 5 · 7 · 11 · 13 · 149 · 3386245229 1 149, 3386245229
15 2 · 3 · 5 · 829 · 1249187 · 312206737 1 829, 1249187, 312206737
dK = −43
k − 1 N D p
1 −1 1 -
3 2 · 3 · 83 1 83
5 −2 · 5 · 29 · 31 · 59 1 29, 31, 59
7 2 · 7 · 76565663 1 76565663
9 −2 · 32 · 202075601281 1 202075601281
11 2 · 112 · 132 · 509 · 901553753 1 509, 901553753
13 −2 · 132 · 405842695582800517 1 405842695582800517
15 2 · 3 · 5 · 223 · 2791 · 25889 · 113167 · 24665497 1 223, 2791, 25889 113167 24665497
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dK = −67
k − 1 N D p
1 −1 1 -
3 2 · 3 · 251 1 251
5 −2 · 5 · 192 · 23 · 47 1 19, 23, 47
7 2 · 7 · 1367650871 1 1367650871
9 −2 · 32 · 151 · 58035119431 1 151, 58035119431
11 2 · 11 · 3272681 · 27444275311 1 3272681, 27444275311
13 −2 · 13 · 73 · 1439 · 56783 · 226088481721 1 73, 1439, 56783, 226088481721
15 2 · 3 · 5 · 541355166251 · 51558395838661 1 541355166251, 51558395838661
dK = −163
k − 1 N D p
1 −1 1 -
3 2 · 3 · 5 · 463 1 463
5 −2 · 5 · 132 · 281 · 449 1 13, 281, 449
7 2 · 53 · 7 · 3538330867 1 3538330867
9 −2 · 32 · 47 · 1213 · 294217150811 1 47, 1213, 294217150811
11 2 · 5 · 11 · 292 · 179 · 379 · 3566823499667 1 29, 179, 379, 3566823499667
13 −2 · 13 · 103 · 172357 · 1097359 · 1883639 · 2464211 1 103, 172357, 1097359, 1883639, 2464211
15 2 · 3 · 52 · 358181 · 6185071975972339006627199 1 358181, 6185071975972339006627199
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